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5: _q1 assumption
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6: pŠq Š-intro  2-5

5: q false-elim  3-4

4: false Æ-elim  1,2

3: Æq assumption

2: p assumption

1: Æp assumption
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6: Æ_p2 assumption

5: (pŠq)•(qŠp) •-intro1  4
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pŠq
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2: _p2 assumption
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7: (pŠq)•(qŠp) •-elim  1,2-4,5-6

6: 
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(pŠq)•(qŠp)

5: Æq assumption

4: (pŠq)•(qŠp) •-intro1  3

3: pŠq Theorem p ¡ qŠp  2

2: q assumption

1: q•Æq Theorem p•Æp  
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5: Æq assumption
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2: q assumption
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7: (pŠq)•(qŠp) •-intro2  6
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5: Æq assumption
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2: 
. . .

„x:a¤Æq

1: Æ(Œx:a¤q)assumption
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4: „-intro  2-3

3: 
. . .

Æq[y/x]

2: y–a assumption

1: Æ(Œx:a¤q)assumption

„x:a¤Æq
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6: „x:a¤Æq „-intro  2-5

5: Æ-intro  3-4

4: 
. . .

false

3: q[y/x] assumption

2: y–a assumption

1: Æ(Œx:a¤q)assumption

Æq[y/x]
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7: „x:a¤Æq „-intro  2-6

6: Æq[y/x] Æ-intro  3-5

5: false Æ-elim  1,4

4: 
. . .

Œx:a¤q

3: q[y/x] assumption

2: y–a assumption

1: Æ(Œx:a¤q)assumption
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Tå�ÒgÖhë-Ñ1ÒgÞdÞ`æÌå�Ò¶æmÒ1ÚGæ4��Þ�Ò�è ÒZà�æ9Õ9ÎGÖRãIÎGÏ)Þ�Ò?�mì�Ï7æ9æ/Î?ÖKØGæ�æÌå�Ò¶è Ò�ËgæÒgÖ-ÝcÎñË_æÌå�ÒIÞZÏ�ì9Ë�ÎGÑdãbÏ7èéØsæÌå�ØGæ2Õ�Þ`æ/ÎAìdÒ_Þ�Ò�è ÒZà�æmÒ1ÝGÛ�ØGÖ!ÝcÝGÑñØ+×cæÌå�ÒIã_ÎGÏ)Þ�Ò_ÑdÕ ×&å)æ4�ÓMØGÑñÝGÞ`Ó�ÕÌæÌåcæÌå�ÒIì�Ï)æ9æ/ÎGÖ�ë-ÑZÒgÞZÞ�Ò1ÝsÏ7Ö�æ9Õ9è�æÌå�ÒbæÌå�ÒIÝDÒgÞZÕ�Ñ1Ò1ÝyÞdÏ�ì9Ë�Î?Ñgã¶Ï�èéØhå7ØGÞ¶ìgÒZÒgÖÞ�Ò�è Ò1à�æmÒ1ÝDí`áLÖ!Ò�àZØGÖhØGè Þ�ÎaÞZæ/ØGÑdæ�Ø?æTæÌå�Ò�ÑgÕé×&å)æ�ÒgÖ-Ý	ØGÖ!Ý	ÝGÑñØ+×�æÌå�Ò�ã_ÎGÏ)Þ�Ò�è Ò�Ëgæ9ÓMØGÑñÝGÞæÌåDÑ1ÎGÏÁ×&å;æÌå�ÒbæmÒ1ÚGælæ/ÎsìdÒ_Þ�Ò�è Ò1à�æmÒ1ÝDí 
Tå�Ò¶Þ�Ò�è ÒZà�æmÒ1ÝsãIØ?æmÒgÑgÕ�ØGè�àdå�ØGÖ)×DÒgÞbàZÎÁèéÎGÏ)ÑIØ?ÞæÌå�Ò�ã_ÎGÏ)Þ�Ò�ã_Î
�GÒgÞ�í � Þgè Õé×&å)æTÎ
�GÒgÑgÞñå�Î+Î?æ�àZØGÖhìdÒ�ÑZÒ1à�æ9Õ çLÒ1Ý	ì�Íaã_Î
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7: „x:a¤Æq „-intro  2-6

6: Æq[y/x] Æ-intro  3-5

5: false Æ-elim  1,4

4: Œ-intro  2,3

3: q[y/x] assumption

2: y–a assumption

1: Æ(Œx:a¤q)assumption

Œx:a¤q
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9: „x:a¤Æq „-intro  2-8

8: Æq[y/x] Æ-intro  3-7

7: false Æ-elim  1,6

6: Œ-intro  4,5

5: 
. . .

q[_t/x]

4: 
. . .

_t–a

3: q[y/x] assumption

2: y–a assumption

1: Æ(Œx:a¤q)assumption

Œx:a¤q
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4: �-intro  2-3

3: 

. . .

Æq

2: x�a assumption

1: Æ(�x:aċq) assumption

�x:aċÆq

� 'P^�$\Cb'A3�*&' 7 � 1�57 &#><�� 9 �!���,7 � 1�=;E75 G:9 ���p*+'���3�')��EP'!0�"��9')(/�������

7: �x:aċÆq �-intro  2-6

6: Æq Æ-intro  3-5

5: false Æ-elim  1,4

4: 

. . .

�x:aċq

3: q assumption

2: assumption

1: Æ(�x:aċq) assumption

x�a
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7: �x:aċÆq �-intro  2-6

6: Æq Æ-intro  3-5

5: false Æ-elim  1,4

4: �-intro  2,3

3: q assumption

2: x�a assumption

1: Æ(�x:aċq) assumption

�x:aċq
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2 : 

. . .

�y:a'ċ�x:aċq

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x

[\%�'yH�>&��6��/*+��*_C¶'c*&$&�->&$ICh�9$&%o*&��Q=H�(9"=�)6!'D>z$&%��-$ � �!��� � �->&'c���/*+$&����EP$D0S�!���o$&%��-$\��')��$&%�'D> � ���!>
� �->?'c@m>?'D'c��� � �!> ��� Y`[h%�'D"]Cz��(�(M>&')Q=�!���p$&%�'c*&�!QR'A��3�>?�����.$&%�'c')�T$&�9>&'�H�>?�T�!@�Y�� �
� ';<�>?*+$hEP����*+$+>?3�EP$y�!� �->&��3�Q=')�#$s���{*&3�H�HL�!>&$I�!@�$&%�';EP���('�')EP$&3�>?';Ch%���E?%pCz��(�(l%�')(�H{��3�����';3�*h�!*Cb'.Q=�-:!'e$&%�'.H�>&���!@�Y � (9$&%���3���%��9$D�é*y*+��QR'D$&�/QR')*sHL��*&*&�9J�(�'�$+�o����*+HL')��*+'cCz�9$&%�*?3�E?%�H�>&���!@	H�(��!��*Ch%�')�NEP������3�EP$&����� �{@ñ3�(�(9"�@m�!>GQ=�!(	H�>?�T�!@�0a�!���5Cb'!�W6!',������'K*+��3�H5$+�8���7Cµ�/�5$&%���*A����ED3�QR')�#$D0%��76������]�,H�(��!�8ED�!�u%�')(9Hu3�*h:!'D'DH ��3�>yJL')�->?�/����*hCz%�')� $&%�';@B�!>?Q=�!(aH�>&���!@	(9���!:�*s(���:!';�9$D�é*y�!����������u$&%�'c>?�!��(/*DY
[\%�'��->&��3�QR')�#$z��*\*+��QR'D$&%������R(��9:!'�$&%��/*D�

s Yh[h%�'D>&'e��*s�!� � � � *?3�E?%u$&%��-$ � %���(/��*h@B�!>�'D6!'D>&" � � ��� �s(9'D$s$&%���* � JL'eED�!(�(9')� � � Y�� 'ED�!�{$&%�'D>&'D@B�!>&'A����@B'D> � � � � 
�� � � ��� 
 � U ��� � � X
L Y � 'zCb�!�T$	$+�.*&%��7Cä$&%��-$ � � � ��� 
 � � � � 
 � 0��!���=C¶'hED�!�]���c$&%��/*�JT".H���E?:��/���c�!�=�->&J���$+>?�->&"

�
� �

� � 0!$&%�')�;*?%��7Ch�/���z$&%��-$2$&%�' � � Cb'_���#$+>?����3�EP')�A���;$&%�'¶<�>?*+$a*+$+'DHR��*2�/����'D')�.�!�;')(�')QR')�#$�!@ � @m�!>hCh%���EG% � U �	� � � X�%���(���*DY
) YytS�RC¶'A*?%��7C $&%��-$ � � � � 
 � U �	� � � X�J�",*&%��7Ch�����.$&%��-$ � U � 
 �
� � � 
 � � X

[\%��/*b*?3��!�!')*+$&*\$&%��-$\��3�>I<�>G*+$\QR�76!';*&%���3�(��oJL' 7 � 1�=;E75 G:9 ���{(�����' s 0M�!���p$&%���*_"S�9')(���*
� � 3	+'=; , &�<�������� ��<�&-,�<>#�5 ,�E.&�<�������
 +-,�8�&�<�� +&578>� 8;:�#�+�=?� ,�<�= 8>+'�)(% 57 , &',� '= #�+-,�# , &(& =),.<�8 57 #�+�= E �)( =?<

&-,.<># ��� #�+'=�&�<������;! 898>=;8>8>57�  D(%57 -���)( J � +'= ) ���' -��,�<>� ) = # ( =?=; #�+-,�# &-,� �= ,� -� #�+'=�&�<������ 5 #�8>=;E � C),� �) = �&<I, % % =)�
�'8>57 �% #�+'= E7=?� #2+-,� '� G ���'8>= )���#>#��  KJ

L �



4 : �y:a'ċ�x:aċq �-elim  1,2-3

3 : 

. . .

�y:a'ċ�x:aċq

2 : y1�a , �y:a'ċq[y1/x] assumptions

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x

xs3�>\*&')EP�����{QR��6!';*&%���3�(��,J�' 7 � 1�57 �#><��
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6 : �y:a'ċ�x:aċq �-elim  1,2-5

5 : �-intro  3-4

4 : 

. . .

�x:aċq[y2/y]

3 : y2�a' assumption

2 : y1�a , �y:a'ċq[y1/x] assumptions

1 : �x:aċ�y:a'ċq assumption

�y:a'ċ�x:aċq

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x
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7 : �y:a'ċ�x:aċq �-elim  1,2-6

6 : �y:a'ċ�x:aċq �-intro  3-5

5 : �-intro  2.1,4

4 : 

. . .

q[y2,y1/y,x]

3 : y2�a' assumption

2 : y1�a , �y:a'ċq[y1/x] assumptions

1 : �x:aċ�y:a'ċq assumption

�x:aċq[y2/y]

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x
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8 : �y:a'ċ�x:aċq �-elim  1,2-7

7 : �y:a'ċ�x:aċq �-intro  3-6

6 : �x:aċq[y2/y] �-intro  2.1,5

5 : 

. . .

q[y2,y1/y,x]

4 : q[y1,y2/x,y] �-elim  2.2,3

3 : y2�a' assumption

2 : y1�a , �y:a'ċq[y1/x] assumptions

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x
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7 : �y:a'ċ�x:aċq �-elim  1,2-6

6 : �y:a'ċ�x:aċq �-intro  3-5

5 : �x:aċq[y2/y] �-intro  2.1,4

4 : q[y1,y2/x,y] �-elim  2.2,3

3 : y2�a' assumption

2 : y1�a , �y:a'ċq[y1/x] assumptions

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x
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4 : �y:a'ċ�x:aċq �-elim  1,2-3

3 : 

. . .

�y:a'ċ�x:aċq

2 : x�a , �y:a'ċq assumptions

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x

t�$+'DH s

6 : �y:a'ċ�x:aċq �-elim  1,2-5

5 : �-intro  3-4

4 : 

. . .

�x:aċq

3 : y�a' assumption

2 : x�a , �y:a'ċq assumptions

1 : �x:aċ�y:a'ċq assumption

�y:a'ċ�x:aċq

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x

t�$+'DH L

7 : �y:a'ċ�x:aċq �-elim  1,2-6

6 : �y:a'ċ�x:aċq �-intro  3-5

5 : 

. . .

�x:aċq

4 : q �-elim  2.2,3

3 : y�a' assumption

2 : x�a , �y:a'ċq assumptions

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x

t�$+'DH )

7 : �y:a'ċ�x:aċq �-elim  1,2-6

6 : �y:a'ċ�x:aċq �-intro  3-5

5 : �-intro  2.1,4

4 : q �-elim  2.2,3

3 : y�a' assumption

2 : x�a , �y:a'ċq assumptions

1 : �x:aċ�y:a'ċq assumption

�x:aċq

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x

t�$+'DH 1n �9��3�>&' s � 
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7 : �y:a'ċ�x:aċq �-elim  1,2-6

6 : �y:a'ċ�x:aċq �-intro  3-5

5 : �x:aċq[y2/y] �-intro  2.1,4

4 : q[y1,y2/x,y] �-elim  2.2,3

3 : y2�a' assumption

2 : y1�a , �y:a'ċq[y1/x] assumptions

1 : �x:aċ�y:a'ċq assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x
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2: 

. . .

�y:a'ċ�x:aċx�y

1: �x:aċ�y:a'ċx�y assumption
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4: �-intro  2-3

3: 

. . .

2: y�a' assumption

1: �x:aċ�y:a'ċx�y assumption

�y:a'ċ�x:aċx�y

�x:aċx�y

Providing
y NOTIN a'
y NOTIN �x:aċ�y:a'ċx�y

) s
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6: �y:a'ċ�x:aċx�y �-intro  2-5

5: �x:aċx�y �-elim  1,3-4

4: 

. . .

�x:aċx�y

3: , �y:a'ċx�y assumptions

2: y�a' assumption

1: �x:aċ�y:a'ċx�y assumption

x�a

Providing
x NOTIN a
x NOTIN a'
x NOTIN y
y NOTIN a
y NOTIN a'
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7: �y:a'ċ�x:aċx�y �-intro  2-6

6: �x:aċx�y �-elim  1,3-5

5: �x:aċx�y �-intro  3.1,4

4: x�y �-elim  3.2,2

3: x�a, �y:a'ċx�y assumptions

2: y�a' assumption

1: �x:aċ�y:a'ċx�y assumption

Providing
x NOTIN a
x NOTIN a'
y NOTIN a
y NOTIN a'
y NOTIN x

) )
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2: �y:a'ċ�x:aċx�y Theorem �x:aċ�y:a'ċq ¡ �y:a'ċ�x:aċq  1

1: �x:aċ�y:a'ċx�y assumption

Providing
x NOTIN a
x NOTIN a'
x NOTIN y
y NOTIN a
y NOTIN a'
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5 : (p�q)�(Æq�Æp) rewrite Theorem (p�q)�(Æp�q)  4
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